An efficient method, using equivalent plate model, is developed for studying the static and vibration analyses of general built-up wing structures composed of skins, spars, and ribs. The model includes the transverse shear effects by treating the built-up wing as a plate following the Reissner-Mindlin
Introduction
For structural analysis, the Finite Element Analysis (FEA) is widely used because of its generality, versatility and reliability. FEA is also the method of choice in situations where detailed results in the vicinity of local discontinuities (holes, abrupt dimension variations etc.) are needed. This is accomplished by refinement of the mesh near the zone of interest. But a wide application of detailed FEA at the late conceptual design stage or in the early preliminary design stage still faces some major obstacles. First, the preparation time for a FEA model data may be prohibitive, especially when there is little carry-over from design to design. Second, for complex structures, a detailed FEA needs huge amount of CPU time and computation capacity which makes the cost soar.
In view of this situation, often equivalent continuum models are used to simulate complex structures for the purpose of obtaining global solutions in the early design stages. This idea is reasonable as long as the complex structure behaves physically in a close manner to the continuum model used and only global quantities of the response are of concern. For example, significant work exists on using beam or plate models to simulate repetitive lattice structures _-v
In the area of analyzing aerospace wing structures, a number of studies have been conducted on using equivalent beam models to represent simple box-wings composed of laminated or anisotropic materials 8-_0, and they have yielded accurate results for the specific problems studied. But from a realistic point of view, using an equivalent plate to model a wing structure is more promising, since a wing, especially the one that has a low aspect ratio, is likely to behave more as a plate than as a beam.
There does exist a considerable body of work on the static or dynamic behaviors of all kinds of plates.
A thorough description of literature on the study of plates was given by Lovejoy and Kapania 11 According to these assumptions, and assuming linearity, the displacement field of the plate is given as:
where as shown in Fig. 1 , u, v, w are displacements in the x, y, z direction respectively, subscript 0 refers to quantities associated with the plane z = 0, ¢x and _y are the rotations about the y and -x axis respectively. It is assumed here that the middle surface of the plate is witl',out or with a very small curvature, therefore z = 0 can be considered to be the middle surface. Now we want to analyze a wing by assuming that it behaves as a plate. This assumption is very reasonable as long as the wing has a small thickness-chord ratio. For the convenience of calculation, a
(2) transformation from (x, y) to (_,r/) is performed, with the wing configuration in the (x, y) plane, a skewed trapezoidal, transformed to a square in the (_,r/) plane, as shown in Fig. 1 .
The transformation can be formulated as
Write the inverse of the Jacobian matrix as
lax ax]-'=FZ, ' Z'=].
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We express the displacement components on the plane z = 0 in Eq. (1), i.e. u o, v o , w 0, Cx and ¢;, in the following forms 
From Eqs. (2) and (14), we have SubstituteEqs. (15), (16) into Eq. (13),andwehave
If we write
Then comparison of (18) and (19) gives
This is the stiffness matrix of the wing in terms of {q}. Note that the constitutive matrix [D] for different parts of the wing structure should be different.
Kinetic Energy of a Wing Structure
The kinetic energy of a wing structure is
where {_-}, the velocity vector, can be written as
in which
[H] is defined in Eq. (9), and {ql is the time-derivative of {q}.
Then we have 
I0
We knowcoordinatesin (x, y) plane are transformed to (_,r/), but coordinate z remains the same.
Therefore, for an integral in space (x, y, z), we have III ;;
here N z is the number of integration zones in z-direction, and z, and z,2 are integration limits of the i -th zone.
Using the Gaussian quadrature, we can get the numerical value of integral (28) as
where g{M,) <N,) , g j are the weights, _:M,), r//V,) are the sampling points, and M R and N_ represent the number of sampling points used in the _ and 7"/ directions respectively.
For a wing composed of skins, spars and ribs, the integrals in Eq. (28) can be detailed as follows:
(a) Skins
The sketch of skins at a wing section is shown in Fig. 2 . Particulars of integration for skins: Fig. 3 . Thus, for a spar cap, we have: For the spar web: The contributions of the ribs to the stiffness and mass matrices can be calculated in a manner similar to the one used for spars. The dimensions of a rib are also given in Fig. 3 .
For a rib cap:
where s is the wing semi-span, and rL (_) is the rib position function.
For the rib web: 
where V is the potential energy, and by using Eqs. (19) , (26) and (36), we can find the natural frequencies and mode shapes for the free vibrating wing by solving the following eigenvalue problem
where 3. = o_ 2 is an eigenvalue of the system of equations, co is the corresponding frequency in radians/second, and {x} is the corresponding eigenvector.
Static Problem Solutions
Assume that an external, distributed force with components P_ (x, y, t), p,, (x, y, t) and P_(x, 3', t) is applied on the wing structure, then the virtual work done by this load on the infinitesimal area dx. dy is It can be seen that, although this case is very similar to the previous one except for a small camber, there are significant differences in the natural frequencies of a number of modes. Most of the variations were predicted quite accurately by the present method, as shown clearly in the comparison with the FEA results in Fig. 5 . But the relative differences were slightly higher than the ones in the previous case, varying in a range of -1.31% to 5.26% for the first 8 modes. Larger differences for the present case can be attributed to the fact that the present method ignores the coupling between the inplane and transverse displacements caused by the mid-surface curvature.
(c) A Solid Wing. The middle surface of this wing is the same as that of the previous case. Its thickness-chord ratio is varied from 0.15 at the root to 0.06 at the tip. The sections were generated by the Karman-Trefftz transformation 29.
Comparisons are made in Fig. 6 The wing skins were modeled using shell elements (CQUAD4), the spar and rib caps were modeled using bar elements (CBAR), and the spar and rib webs were modeled using shear panel elements (CSHEAR).
Comparison between the mode shapes as well as the corresponding natural frequencies as obtained by the two methods are shown in Fig. 7 . It can be seen that the mode shapes were simulated equally well by the present method as compared to the FEA, and it is found that the relative differences for the first 8 modes were Table 2 . It can be seen that the present method yielded very good results for this test case.
Skin Stress Distributions
The upper and lower skin stress of the wing in (a) of the above static cases were calculated using the present method. The Von Mises stress distribution along a line with a distance of 5% span to the root chord is shown in Fig. I l(a) in comparison with points obtained using MSC/NASTRAN. Also the Von Mises stress distribution along a span-wise line with a distance of 37.5% chord length to the leading edge is shown in Fig. I l(b) in comparison with points obtained using MSC/NASTRAN. It can be seen that, although there are substantial differences (the largest one is about 15%) between the present calculations and the stresses determined using the FEA, the variation trends of the stresses from both methods are quite similar. This means that the position of the largest stress determined by the present method will be reliable. 
Conclusion

